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This work presents a generally applicable technique for reconstructing transcription factor (TF) profiles from fluores-
cence microscopy images of green fluorescent protein reporter systems. The approach integrates dynamic optimization
and a Tikhonov regularization to avoid over-fitting caused by the highly ill-conditioned structure of this inverse prob-
lem. The advantage that the presented approach has over existing methods is that no assumptions are made about the
TF profile, the linearity, or lack thereof, of the dynamic model used, and the sampling time of the measurements. More-
over, the method allows to use discretization times for the model different from the measurement sampling times and
can also deal with state constraints. The technique has been applied to both simulated and experimental data where the
profile of the TFs NF-jB and STAT3 are reconstructed. In both of the case studies, the presented approach exhibits
excellent performance while fewer assumptions are needed than for existing techniques. VC 2014 American Institute of

Chemical Engineers AIChE J, 60: 3754–3761, 2014
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Introduction

Transcription factors (TFs) play an important role in regulation
and control of cellular mechanisms. TFs are activated as part of
signal transduction and are key to initiating the transcription event
in the nucleus. As such, obtaining information about TF dynamics
is important for elucidating the mechanisms involved in signal
transduction. There are basically two classes of methods for mon-
itoring changes in the TF concentration. One class directly meas-
ures protein concentrations, for example, Western blots or
chromatin immunoprecipitation, which can only provide qualita-
tive or semiquantitative data and involves destructive measure-
ment techniques, which prevents the same sample from being
used at several time points. Another class of methods is based on
inferring the TF concentration from other measurable quantities.
This second class of methods includes fluorescent reporter sys-
tems, which can provide continuous and noninvasive monitoring
of gene expression and transcriptional activity.1,2 Even though
TF concentration cannot be directly monitored using such meth-
ods, their profile can be reconstructed from the measured intensity
of a fluorescence protein such as the green fluorescent protein
(GFP).3 Models composed of ordinary differential equations

(ODEs) have been proposed and used to describe the transcrip-

tion, translation, and activation of fluorescent proteins.4,5 Using

such a model, it is possible to solve an inverse problem that deter-

mines the TF profile from the measured fluorescence dynamics.6

As this type of inverse problem is highly ill-conditioned,
some form of regularization needs to be applied.7–9 Two
classes of approaches have been investigated to solve the
inverse problem from the GFP data6 using different regulari-
zation techniques. One class of techniques are the ones pro-
posed by Finkenst€adt et al.,3 Wang et al.,10 and Huang
et al.,6 which assumes a certain nature of TF dynamics
according to available prior knowledge, that is, the TF pro-
file is described by a predetermined function with unknown
parameters, which will be estimated to further characterize
the profile. This approach is easy to implement from a
numerical point of view, however, it inherently restricts the
shape of TF profile, which can potentially be inconsistent
with the real profile. An alternate approach proposed by
Bansal et al.7 discretizes the TF profile and the ODE model,
and solves the inverse problem via an optimization formula-
tion. This approach is more general as the TF profile will no
longer be limited to a specific form,7 and input constraints
can be applied so that the reconstructed profile can lie within
a feasible range over time. However, existing work has only
involved linear models or certain types of nonlinear models,
which can be linearized using a transformation.7 While this
limitation is acceptable for now, it will prevent solution of
this inverse problem if more complex mechanisms are added
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in the model linking the TF concentration and the measured
fluorescence intensity. In addition, the existing technique7

requires that the fluorescence intensity is measured with a
constant sampling time, which may not always be optimal
experimentally. Moreover, constraints on state variables can-
not be applied, which may result in physical unrealizable
solutions such as negative concentrations.

In this work, a more generalized approach is presented
that can deal with all the challenges of existing methods.
This new technique parameterizes the TF profile as piece-
wise constant, and discretizes the model via Radau colloca-
tion on finite elements, thus the inverse problem can be
solved as a nonlinear optimization problem. Furthermore,
this approach integrates the Tikhonov regularization tech-
nique that has been used in previous studies7 and can over-
come over-fitting of the TF profile caused by the highly ill-
conditioned structure of the problem. This new method does
not place a limitation on the structure of the model, it can
directly incorporate state constraints, and it can deal with
systems where measurement sampling times are different
from the discretization time steps for the model.

The article is structured as follows: preliminaries, includ-
ing the mathematical model describing transcription, transla-
tion, and the activation of GFP and a brief overview of
Radau collocation on finite elements will be presented first.
The technique that integrates dynamic optimization and
Tikhonov regularization will be presented in the next section.
The following section includes two case studies, which pres-
ent the reconstruction of NF-jB profiles from simulated data
and STAT3 profiles from experimental data. The last section
contains conclusions.

Preliminaries

Mathematical model

Stimulation of signal transduction pathway by external
stimuli leads ultimately to the activation of TFs in the
nucleus. The TF binds to the DNA and initiates the tran-
scription process, which leads to the formation of mRNA.
The translation process is initiated by mRNA where the non-
fluorescent GFP is formed and then activated to become flu-
orescent GFP. The presence of activated-GFP results in
fluorescence that can be measured. The overall scheme
describing this process from the external stimulus to the
observed fluorescence intensity is shown in Figure 1. The

transcription, translation and the activation of GFP can be
described by a mathematical model4,5

dm

dt
5Smp

CTF

c1CTF

2Dm (1)

dn

dt
5Snm2Dnn2Sf n (2)

df

dt
5Sf n2Dnf (3)

I5f=D (4)

where the fluorescence intensity, I, is the only measured
output and the TF concentration in the nucleus, CTF is the
time-dependent input that needs to be reconstructed, m is
the mRNA concentration, n is the concentration of non-
fluorescent GFP, and f is the concentration of fluorescent
GFP. The output of the system I is directly proportional
to the concentration of activated GFP, f, which is
described by Eq. 4. A more detailed description of other
individual variables and their (initial) values is given in
Tables 1 and 2.

The model (Eqs. 1–4) is a Hammerstein model and it is
possible to transform the model into a linear state space
model if the Michaelis–Menten kinetics term in Eq. 1, CTF/
(c 1 CTF), is considered to be a new input. It is worth noting
that the presented model is relatively simple and that adding
additional mechanisms to the model, such as regulatory
mechanisms or using a Hill equation,11 can result in a truly
nonlinear dynamic model.

Radau collocation on finite elements

Discretization of ODEs using collocation points on finite
elements is an inherently implicit Runge–Kutta method.
The three most commonly used set of collocation points
are Legendre–Gauss (LG), Legendre–Gauss–Radau (LGR,
a.k.a. Radau collocation), and Legendre–Gauss–Lobatto
(LGL) points.12 The precision of LGR, while not quite as
good as LG, is very high, and it has added advantage
that the end point is one of the abscissas where the func-
tion to be integrated, is evaluated.13 An illustration of the
discretization of a continuous time function is shown in
Figure 2.

First, a set of finite elements is used to partition the time
interval into a number of segments, which usually have the
same length. Then multiple collocation points are selected

Figure 1. Scheme for the experimental set up.

The external stimulus activates signal transduction which results in dynamics of the transcription factors inside the nucleus. The

presence of the activated transcription factor results in proteins being expressed, one of which is a fluorescent protein if a fluores-

cent reporter system is used. However, the dynamics of interest is the transcription factor concentration and not the measured flu-

orescence profile. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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within each finite element. Next, the continuous function is
sampled at each collocation point. By approximating the
continuous function with the discrete sampling points, the
ODEs (Eq. 5) can be approximated by a set of nonlinear
algebraic equations (Eq. 6)13

dx

dt
5f x; tð Þ (5)

xi;j5xi21;end51hi

X
k2CP

f xi;k; ti;k
� �

� ak;j (6)

here x denotes the state vector consisting of entries of the
states at different points in time t. In the algebraic equations,
i is the finite element number, j and k are the collocation
point numbers, and CP is the set of collocation points. The
word end represents the last number of CP, meaning the end
point on each finite element. Thus, xi,j denotes the state vari-
able at the jth collocation point on the ith finite element. The
step length of each finite element is hi (or h for equal-length
finite elements), which is specified based on the tradeoff
between the accuracy needed for the discretization and the
scale of the optimization problem. To obtain a more accurate
discretization, hi can be reduced, or a higher order colloca-
tion strategy can be used. Radau collocation is widely used
for discretizing ODE models since it allows constraints to be
set at the end of each element and is a numerically quite sta-
ble approach.14 The coefficient matrix of the Radau colloca-
tion {ak,j} in Eq. 6 is obtained from the roots of a Legendre
polynomial or linear combinations of a Legendre polynomial
and its derivatives.12 In this work, a three-point Radau collo-
cation method is used whose coefficient matrix is shown in
Eq. 7

a5

0:196815477 0:394424315 0:376403063

20:065535426 0:292073412 0:512485826

0:023770974 20:041548752 0:111111111

0
BB@

1
CCA (7)

Generally Applicable Technique for Computing TF
Concentration from Fluorescent Reporter Data

The technique presented in this article is quite general and
addresses several of the limitations of existing approaches.
The inverse problem is formulated as a dynamic optimiza-
tion problem and then solved numerically. The resulting
optimization problem can be solved with software and hard-
ware that are readily available nowadays on a standard desk-
top workstation or laptop.

Similar to previous studies,7 the TF profile is parameter-
ized using piecewise constants, however, the nonlinear
ODEs model is directly discretized using Radau collocation
on finite elements. Although varying-step size finite elements
can be used if the system stiffness varies dramatically across
the entire time horizon, this work uses a fixed-step three-
point Radau collocation. In previous studies,7 the length of
the finite element h had to be the same as the step size of

the piecewise constant input, and, furthermore, the fluores-
cence intensity (output) was required to be measured at
equally spaced time points. These limitations/assumptions
are not required for the method presented here and the TF
profile is reconstructed by solving a dynamic optimization
problem. To overcome over-fitting of the TF profile, the
Tikhonov regularization technique15 is used in the objective
function.

Dynamic optimization including a Tikhonov
regularization

Dynamic optimization refers to a category of optimization
problems that address time-varying systems. Generally, these
problems seek to maximize or minimize an objective func-
tion by determining a group of input profiles that may
change over time, while the dynamic model, described by
initial-value ODEs, is considered as constraints.16,17 The
reconstruction of TF profiles from GFP data is a dynamic
optimization problem. After parameterizing the input TF pro-
file with piecewise constants and discretizing the ODE
model with a three-point Radau collocation on finite ele-
ments, the dynamic optimization problem can be transformed
into a general nonlinear programming problem. The problem
formulation is shown in Eq. 8.

Figure 2. Illustration of approximating the continuous
function with collocation points on finite ele-
ments while the input is parameterized with
piecewise constants.

Here, three collocation points are used within each equal-

length finite element. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

Table 1. Description and Initial Values of State Variables of

the Model Given by Eqs. 1–4

State Description
Initial

value (nM)

m Concentration of mRNA 0
n Concentration of nonfluorescent GFP 0
f Concentration of fluorescent GFP 0

Table 2. The Physical Meanings and Nominal Values of

Parameters in the Transcription/Translation/Activation of

GFP Model

Parameter Physical meaning Nominal value

Sm Transcription rate 373 h21 (NF-jB)
548 h21 (STAT3)

p Amount of available DNA 5 nM
c Michaelis–Menten constant 108 nM
Dm Degradation rate of mRNA 0.45 h21

Sn Translation rate 780 h21

Dn Degradation rate of
nonfluorescent GFP

0.5 h21

Sf Fluorophore formation rate 0.347 h21

D Proportional constant 25562 nM
CTF TF concentration in the nucleus –
I Fluorescence intensity –
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Generally applicable technique based on dynamic optimization including a Tikhonov regularization

min
CTF

ky-ŷk2
21kkDCTFk2

2 where CTF 5 fCr
TFg; r 2 f0; . . . ;Ng; DCTF5fCr

TF2Cr21
TF g; r 2 f1; . . . ;Ng

s:t: iÞ

mi;j5xi21;31h
X

k2f1;2;3g
_mðmi;k; ni;k; fi;k;C

r
TFÞ � ak;j

ni;j5ni21;31h
X

k2f1;2;3g
_nðmi;k; ni;k; fi;kÞ � ak;j

fi;j5fi21;31h
X

k2f1;2;3g

_f ðmi;k; ni;k; fi;kÞ � ak;j

where; r5
h � i
hTF

� �
ðDiscretized ODEsÞ

8>>>>>>>>>><
>>>>>>>>>>:

iiÞ yi;j5fi;j=D; y is then sampled at measured time points: ðOutput samplingÞ

iiiÞ Cr
TF � 0;mi;j � 0; ni;j � 0; fi;j � 0; i 2 f1; . . . N � hTF=hgðNon-negativityÞ

(8)

Here the objective function is to minimize the discrepancy
between the simulated and experimental data, denoted as y
and ŷ, respectively. A penalty term k||DCTF||2, which is a
Tikhonov regularization term, is added to the objective func-
tion for regularization purposes. CTF is a vector consisting of
N 1 1 entries where each entry represents the piecewise con-
stant input at step r, r 5 0,. . ., N. It is common that C0

TF is
fixed at zero since the TF concentration is close to zero
when the signal transduction pathway is activated. The step
length for parameterizing the input is denoted as hTF. For
convenience, hTF is set to be an integer multiple of h, which
is the step size for discretizing the model. DCTF is a vector
where each entry is the difference between CTF at the current
step r and that at the previous step r 2 1, where the differ-
ence can only be computed for r� 1.

k is a regularization parameter, which can be tuned to have the
problem solved with a stronger (larger k) or weaker regularization
(smaller k). An appropriate k can be selected at the corner of the
L-curve,18–20 which is a plot of the norm of the residual vs. the
regularization term for various values of k. The two norms vary
monotonic with the regularization parameter k with opposite

trends and result in an L-shaped curve. The parameter is selected
near the corner of this curve to maintain the balance between the
norm of the residual and the norm of the solution. This rule of
thumb results from the fact that little is gained in terms of mini-
mizing the norm of the solution by increasing the parameter k
from the one at the corner value, or with respect to minimizing
the residual by decreasing k significantly below the corner value
due to the characteristic L-shape of the curve.

The ODE model (Eqs. 1–4) is discretized, resulting in a
group of nonlinear algebraic equality constraints that are
shown in constraint i) of Eq. 8. It is worth noting that since
hTF is an integer multiple of h, the input Cr

TF is constant
over multiple finite elements, thus being constant in each of
the algebraic equations shown in Eq. 8i). The index r in
each equation can be obtained using the ceiling function
denoted by d•e in Eq. 8i). In constraint ii) of Eq. 8, the out-
put yij is proportional to the concentration of activated GFP,
f, and D is the proportional coefficient determined by the
specific TF in the experiment. The outputs are calculated at
each collocation point of each finite element and then are
interpolated at the measured time points. In practice, these

Figure 3. Reconstruction of TF profile by the presented technique from simulated GFP data without noise.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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time points usually lie on the integer multiples of the discre-
tization step. These sampled outputs y are used in the objec-
tive function. The non-negativity of the input and states is
incorporated in constraint iii) of Eq. 8. It is worth noting
that additional input and state constraints can be easily
applied on the model if it is necessary to do so.

The resulting nonlinear optimization problem is formu-
lated in AMPL21 and solved by the solver IPOPT,22 which
enjoys excellent convergence properties (q-quadratic). A
local optimal solution is guaranteed to exist for any specific
TF profiles. A global optimal solution could be found by
applying global optimization algorithms. While this is not
what we have done in the article, the approach is not limited
to the optimization algorithm or the shape of TF profiles.

Case Studies

In this section, the presented procedure for reconstructing
TF profiles from GFP data has been applied to both simu-
lated and experimental data. The effects that different
approaches and regularization parameters have on the recon-
structed TF profiles will also be discussed. The data used in
the first case study were created by simulations, thus the real
TF profiles are known. The second case study describes the
application using experimental GFP data for which the exact
nature of the TF profiles are not known, but general trends
of the TF profiles are known from other studies.23–27

Case study 1: simulated data with different levels of
Gaussian noise

The GFP intensity data were generated by simulating the
model (Eqs. 1–4) under the assumption that a certain profile
for the TF concentration is available. The TF profile is then
reconstructed by solving an inverse problem using the data-
set via the technique presented in this article and for

Figure 5. (a) Reconstruction of TF profile by two different methods with noise N(0, 0.2); (b) Reconstruction of TF
profile by two different methods with noise N(0, 1.0); (c) Fitting of the measured fluorescence intensity
with noise N(0, 0.2); and (d) Fitting of the measured fluorescence intensity with noise N(0, 1.0).

s and k are regularization parameters of the two different methods. [Color figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 4. L-curve for selecting an appropriate value for
the regularization parameter for reconstruct-
ing the TF profile.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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comparison purposes the approach presented by Bansal
et al.7 While it is not possible to make a comparison for
every potential input profile, one commonly found TF profile
is given by the following form

CTF tð Þ5A 12e2atcos xtð Þ (9)

where A, a, and x are known parameters, and t0� t� tf.
This profile represents decaying oscillations which is one of
the common dynamics exhibited by TF. For example, the TF
dynamics of NF-jB for cells continuously stimulated by
TNF-a exhibits damped oscillatory behavior, which can be
appropriately described by Eq. 9.

At first, the values of A, a, and x are assumed to be 40,
0.3, and 1.0, respectively. Using this form of TF dynamics,
the ODE model was simulated from t0 5 0 to tf 5 15 h as
most of the TF dynamics will not show significant changes
in the fluorescence intensity after this time point. The step
size for parameterizing the input, hTF, and for discretizing
the model, h, must be the same for the technique presented
by Bansal et al.7 The approach presented in this work does
not require that hTF and h have the same value. Nevertheless,
the two time steps have been chosen equal to 1 min to
appropriately compare the two techniques.

For illustration purpose, the TF profile will first be recon-
structed by the presented technique from a simulated dataset
where no noise is added (shown in Figure 3). It can be seen
that, when the regularization parameter k is set to be zero
and no noise is added, the reconstructed TF profile shows
significant oscillations. The reason for this is that there are
fewer GFP data points than points at which the TF profile is
reconstructed which leads to the ill-conditioning of the prob-
lem. However, the reconstructed profile becomes smoother
as k is increased, and nearly coincides with the real TF pro-
file when k is equal to 0.03. However, when k becomes too
large, the reconstructed TF profile becomes too sluggish to
follow the dynamics of the real profile as any changes seen
in the real profile result in a significant penalty due to the
large value of k. In other words, the value of k||DCTF||2

makes up a significant portion of the value of the objective
function. As the value of the regularization parameter k has

a significant impact on the reconstructed TF profile, a sys-
tematic procedure to determine appropriate values of k is
presented next.

An appropriate value of the regularization parameter k can

be selected at the corner of the L-curve, where the x axis is

the square of the norm of DCTF, which represents the varia-

tion of the TF concentration between each step, and the y
axis is the square of the norm of y2~y, which represents the

discrepancy between the simulated data and measured data

(Figure 4). Two lines are fitted to the data near each end of

the L-curve, and then the candidate regularization parameters

can be selected from within the area enclosed by the inter-

section point, the lines parallel to the axes across the inter-

section point, and the L-curve.18–20 There are an infinite

number of values of k that lie within this interval and can be

chosen, however, all of them will work reasonably well.28–31

When no noise is added to the measured data, the pre-
sented approach performs well after an appropriate regulari-
zation parameter is selected. To create a more realistic
dataset, a small amount of additive random Gaussian noise,
N(0,0.2), is applied to the original dataset. This time, the
technique presented by Bansal et al.7 and the method from
this work are used to reconstruct the TF profile. A compari-
son is shown in Figures 5a, c. It can be seen that both tech-
niques reconstruct the TF profile with good accuracy (shown
in Figure 5a) and that the measured intensity data are fitted
well (shown in Figure 5c). When a more significant amount
of noise N(0,1.0) is added to the original measured GFP
data, the TF profile can still be reconstructed with a good
degree of accuracy using both methods (shown in Figure 5b)
and that the measured intensity data are fitted reasonably
well (shown in Figure 5d). However, the reconstructed TF
profile in Figure 5b is not as good as the one shown in
Figure 5a because solving ill-conditioned inverse problems
with a significant amount of noise becomes more challeng-
ing. It is worth noting that, in Figure 5, s and k are regulari-
zation parameters for two methods, respectively. No direct
comparison can be made between the values of the regulari-
zation parameters for these two methods, other than that the
regularization parameter values were chosen by the same

Table 3. Monte Carlo Simulation Results of Datasets Containing Different Levels of Noise

s k MSE Fitting Error Bias2 Variance

N(0,0.2) 150 0.05 350 331 0.535 0.545 143.7 159.4 206.6 201.6
N(0,0.6) 800 0.30 987 955 5.383 4.952 452.9 433.6 533.9 531.2
N(0,0.8) 1250 0.45 1303 1286 9.907 9.774 605.6 557.6 696.9 697.4
N(0,1.0) 1500 0.50 1626 1512 15.45 16.51 671.5 653.1 954.6 1026
N(0,2.0) 5500 2.00 3138 3359 67.32 66.30 1441 1312 1696 1616

The approach presented by Bansal et al. (first) and the technique presented in this work (second) are applied to each dataset.

Table 4. Monte Carlo Simulation Results of Datasets Generated by Different Stimulation Profiles

a 5 0.1 a 5 0.2 a 5 0.3 a 5 0.4 a 5 0.5

A530 499 504 298 297 232 229 191 188 155 153
A535 618 590 361 374 288 301 234 232 191 186
A540 782 785 435 440 350 331 277 281 230 235
A545 926 964 492 505 395 399 323 337 270 277
A550 1124 1171 573 565 447 444 372 359 312 304

Each dataset contains N(0, 0.2) noise. The approach presented by Bansal et al. (first) and the technique presented in this work (second) are applied to each data-
set. MSEs of the reconstructed TF are compared.
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criteria using an L-curve. In addition, L-curve are different
(and have to be different) for each case/method, which
explains the different values of the regularization parameters.

The general rule of selecting regularization parameter is
that the larger the noise, the larger the regularization param-
eter has to be chosen, which means that some of the dynam-
ics of the profile will be lost as a result. It can be explained
that the larger the measurement noise is, the bigger portion
of the norm of residual will take in the objective function,
which pushes the corner of L-curve toward the direction of a
larger regularization parameter k.

To verify that these findings will hold for different parameter
values, Monte Carlo simulations are performed next for different
levels of noise. The mean squared error, fitting error, squared bias,
and variance have been calculated from the reconstructed TF pro-
files according to Eq. 9, where CTF is the reconstructed TF concen-
tration, �CTF is its mean value at each time point, and ĈTF is the
measured TF concentration. For each level of noise, 10,000 data-
sets with additive random Gaussian noise were used to solve the
inverse problem by both the approach presented by Bansal et al.
and the technique presented in this work. The results are summar-
ized in Table 3. Monte Carlo simulations are also performed for a
variety of stimulation profiles involving different values of the
parameter A and a from Eq. 9. Mean square errors (MSEs) of the
reconstructed TF profile are used to compare the performance and
are summarized in Table 4. All the regularization parameter k
used are selected based on L-curve. It can be seen that the results
returned by both techniques are comparable, however, the method
presented in this work requires fewer limiting assumptions

Fitting error5ky2ŷk2
2

MSE5kCTF2ĈTFk2
2

Bias25kĈTF2�CTFk2
2

Variance5kCTF2 �CTFk2
2

(10)

Case study 2: application to experimental data from
Interleukin-6 (IL-6) STAT3 system

The previous case study illustrated in detail, the effects that
different choices of regularization parameters have on the
solution of the inverse problem using simulated data under
noise conditions. Furthermore, it was shown that the presented
technique performs similarly well as an existing method from
the literature. In this second case study, the technique pre-

sented in this article will be tested on experimental data to
determine whether the procedure will return satisfactory
results under realistic noise and model uncertainty conditions.

For this case study, experimental data were obtained for the
TF STAT3 by continuously stimulating liver cells with 100
ng/mL of IL-6 using a previously developed procedure.32 The
fluorescent microscopy images (Figure 6a) were taken every
45 min for a period of 18 h at multiple positions in the well.
The mean fluorescence intensity of the images at each time
instant was calculated4 and is shown in Figure 6b. The shown
profile was used to solve the inverse problem to compute the
profile for STAT3. It can be seen from these data that the
experimental measurements contain a significant amount of
noise and a large regularization parameter is needed to sup-
press over-fitting. Similar to the previous case study, the dis-
cretization step size h is set to 1 min. The appropriate
regularization parameter k for this data is selected to be 0.25.

It is known that the initial dynamics of the TF STAT3
shows a rapid increase, which results in a pronounced peak
of the nuclear STAT3 concentration within the first hour.
The reason for this is that cytoplasmic STAT3 is activated
and translocates to the nucleus after a few minutes of stimu-
lation with IL-6.24–26 It can be seen from the results shown
in Figure 7 that the STAT3 profile is oscillatory in nature

Figure 6. (a) Sample image obtained from fluorescence microscopy of a GFP reporter system at one point in time
and (b) fluorescence intensity profile obtained for IL-6-STAT3 system.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 7. Reconstruction of TF profile from experimen-
tal GFP data obtained for a IL-6-STAT3
reporter system.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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with a large initial peak followed by a smaller peak at
approximately 5–6 h. These results are consistent with West-
ern blot data as well as simulation results of the IL-6 signal
transduction pathway from the literature.23,25 Furthermore,
the results suggest that the ratio of the peak concentration of
STAT3 between the first and the second peak is approxi-
mately 5, which is comparable to results reported for simula-
tion studies of the JAK–STAT pathway profile.27

Conclusions

This work presented a technique for computing TF profiles
from fluorescence microscopy images of GFP reporter
systems. The technique is based on dynamic optimization and
a Tikhonov regularization to deal with this ill-conditioned
inverse problem. The advantage that the presented technique
has over other methods is that no assumptions are made about
the TF profile and that it can readily enforce input and state
constraints on the model. The method is applied to both simu-
lated and experimental data, and is compared with an existing
technique in one of the case studies. The method exhibited
excellent performance in both case studies while it requires
fewer assumptions than existing techniques.
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Notation

GFP = green fluorescent protein
IL-6 = Interleukin-6

MSE = mean square error
nM = nano molar

ODE = ordinary differential equation
RE = relative error

STAT3 = signal transducer and activator of transcription 3
TF = transcription factor
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